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CHARACTERIZATION OF SAND BOILS 
WITH GRADING ENTROPY
ABSTRACT: Grain size and grain distribution by size are dominant factors deter-
mining soil behaviour. The shape and position of a grain distribution curve contain im-
plicit information about the propensity of sand boiling or piping at flood conditions. The 
author used 1040-grain distribution curves taken from 12 sand boil locations to study the 
relationship between sand boils, hydraulic soil failures and entropy. The results have justi-
fied the hypotheses and indicated some fairly important details for practical consideration. 
Calculating grain distribution entropy is not “magic” with mathematics: it simply helps put 
the expected behaviour of soils into a different perspective and promotes orientation for 
classifying soils according to a new parameter related to grain movement. 
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INTRODUCTION
Boil formation and sand boiling failures are relatively infrequent loss events 
in the history of dyke breaches in Hungary. Boils normally form in intersections 
with old riverbeds in locations where one can observe the intercalation of grain-
ier soil, which is different from its environment (Na g y, 2000). Past experience 
suggests that only a small percentage of boils actually terminated in disaster 
(Nag y, 2004), the threat has been localised most of the time (presumably due 
to efficient flood control measures, e.g. the boil at Csongrád in Photo 1). A series 
of detailed subsoil studies (N a g y, 1993) performed along 4200 km of Hungar-
ian flood control dykes between 1984 and 1996 revealed that the number of 
shorter or longer sections with soil failure potential is so large (over 1500) that 
efficient protection can only be expected at locations where the phenomena as-
sociated with boil formation are visible. 
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Photo 1. – The boil at Csongrád
Grain size and grain distribution by size are dominant factors determin-
ing soil behaviour. The distribution of soil grains by size has been studied for 
a long time and grainy soils are named based on information provided by 
grain distribution curves. The direct of use the various parameters of a grain 
distribution curve, such as grain sizes associated with percentage values, the 
coefficient of irregularity, etc. is mostly limited to judging compatibility and 
various water and grain movement phenomena. Indeed, these quantities pro-
vide a relatively good characterization of soils with grain distribution curves 
showing calm, regular shapes or a narrower diameter range, but the rules de-
rived from these relationships lose validity as soon as grain distribution is ir-
regular, i.e. the rules have no general validity. Taking the grain distribution 
curve fully into account would obviously improve the accuracy of rules based 
on grain distribution, such as the calculation of permeability.
THE DEFINITION OF ENTROPY
Entropy is a term used to describe the degree of disorder of a statistical 
population in the theory of probability. It is easy to calculate it for the grain 
distribution of soils. The distribution by size of grains in a soil is determined 75
by fractioning with a set of screens or a sedimentation experiment or fre-
quently by using both methods simultaneously.
When soils are screened, each frequency value will reflect the propor-
tion of the total screened volume that belongs to a screened fraction. Frequen-
cies are added up based on the fractions falling through the screens that cor-
respond to fraction boundaries and by doing so we get a grain distribution 
curve (L őr i ncz, 1986, 1993) 
The closer the aperture size of the screens in a stack, i.e. the narrower the 
fractions are, the greater the accuracy of the ordinates of a grain distribution 
curve will be. As there is not much practical use of narrowing fractions down, 
the following aperture sizes in a screen set are becoming quite standard in 
Hungary:
d (mm) = (0.063), 0.125, 0.25, 0.5, 1, 2, 4, 8, …,
That is to say, the aperture size of the next screen in a set is twice the 
aperture size of the previous screen.
The calculation method introduced to determine the grain distribution 
entropy of soils is based on the assumption that the screen set described above 
has been used; and in case another screen set was used for the purposes of 
identifying grain distribution, the grain distribution curve itself will have to 
be split at the fraction boundaries and then calculate the frequency of the re-
sulting fractions.
As each fraction covers a different width diameter range, the C number 
of elementary cells in a fraction will vary in case z elementary cell width is 
identical (L őr i ncz, 1986, 1993). To ensure that subsequent calculations suit-
able for determining the grain distribution entropy of even colloid state sub-
stances (i.e. that they have positive entropy) we need to select an extremely 
small z elemental cell width. The following elemental cell width was applied:
z = 2
-17 mm
It is worth mentioning that elemental cell width was set at z = 2
-22 mm in 
other application areas of grain distribution entropy mainly to ensure the com-
prehensive use and generalization of the term (L őr i ncz  et al., 2005, 2008). 
The value selected for this study (z = 2
-17) is suitable for the purpose as we 
examined the behaviour of natural soils. 
INTRINSIC ENTROPY
The mass of grains in the elementary cells of a fraction with uniform dis-
tribution will be equal, i.e. the frequency of every elementary cell is identical 
(L őr i ncz, 1986, 1993):
C
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= α76
where C is the number of elementary cells in a fraction. The intrinsic 
entropy of fraction i is:
hence:
     
(1)
To illustrate the above, let us calculate the intrinsic entropy of a few screened 
fractions.
- the diameter range of the 1-2 mm fraction is 1 mm.
- the number of elementary cells in this fraction is:
   
cells
- intrinsic entropy:
The intrinsic entropy of the 2-4 mm fraction is:
 
and so on. The difference between the intrinsic entropy values of subse-
quent fractions is 1. That is due to doubling the width of subsequent fractions 
and, concurrently, the radix of the logarithm is also 2. 
Fig. 1. – The intrinsic entropy S0 and cell numbers Ci of the fractions for the recommended and 
applied elementary cell width z77
THE ENTROPY OF SOILS SPLIT INTO FRACTIONS
Screens are used to split the soil into fractions or the grain distribution 
curve derived from a sedimentation experiment is “fractioned off”, while dis-
tribution within fraction boundaries is assumed to be uniform. The frequency 
of fraction i is represented as xi.
1
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Hence respective fraction frequencies are:
x1, x2, …, xn
The number of elementary cells in fraction i is Ci. In the case of uniform 
internal distribution in the fractions, the intrinsic frequency of these cells is:
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Entropy value is:
     
(2)
A comparison of the first addend with formula (3) reveals that it is noth-
ing else but the ΔS increment of entropy growth resulting from mixing the 
fractions.
Let us select element i from the second addend of the formula:
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Hence, this is the product of multiplying the intrinsic entropy of fraction 
i with the frequency of the same fraction. Accordingly, the second addend of 
expression (2) can be rearranged as follows:
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where  xi= the frequency of fraction i,
 S 0i= the intrinsic entropy of fraction i.
We call this entropy S0 of the soil before mixing base-entropy.78
ΔS INCREMENT OF ENTROPY
We can say based on the entire formula (2) that soil grain distribution 
entropy equals the sum of the base-entropy before mixing and the incremental 
entropy growth that results from mixing (I m r e  et. al., 2008):
  S S S ∆ + = 0
Based on the definition, incremental entropy growth ΔS is:
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When two systems are mixed, the grain distribution entropy of the re-
sulting mixture will remain unchanged or will increase. If a soil is mixed with 
itself, the grain distribution entropy of the “mixture” will not change, whilst 
mixing different soil types will always result in entropy growth. Entropy 
growth reaches its maximum at 50-50% mixing ratio. 
Fig. 2. – The increments of entropy growth as a function of the ratio of mixing
ΔS CHANGE OF ENTROPY GROWTH
As Fig. 2 suggests, the entropy of a mixture containing two components, 
both with zero entropy, will change in line with the ratio of mixing and will 
peak when the ratio of the two components is the same. Increasing the number 
of components will result in an absolute increase of incremental entropy 
growth (or mixing entropy). The incremental entropy growth of mixtures con-79
taining an arbitrary number of components will reach a maximum when the 
frequency of the fractions is identical, i.e. with F as the number of fractions, 
then in case:
F
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Using these frequencies, the incremental value is:
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The maximum incremental entropy growth for a given width range is 
obtained when fraction frequencies are identical. Maximum entropy growth 
depends on the fraction number F. 
 
Fig. 3. – The effect of the number of fractions in a mixture on the maximum value 
of mixing entropy
Based on the findings of a large number of laboratory mixing experiments 
we can safely say that the soil with S0 fundamental entropy at close to 2/3 of 
the range will provide the most compact skeleton from among the possible 
infinite number of mixtures of different grain distribution within a range of 
grain width (L őr i ncz, 1986, 1993), i.e.80
( ) min 0 max 0 min 0 0 3 / 2 S S S S − + =
where  S0max= the intrinsic entropy of the coarsest soil fraction, and
  S0min= the intrinsic entropy of the finest soil fraction.
APPLYING GRAIN DISTRIBUTION ENTROPY TO TRANSIENT PHE-
NOMENA
If grains can be washed out of a soil, grain distribution will be altered 
and the original conditions of grain distribution will not be upheld any longer. 
Only soils that withstand suffusion are suitable for the purpose of soil filtra-
tion, and designs rely on their grain distribution (L őr i ncz  et al., 2004, 
2005). 
Demixing may occur during filter placement, which may lead to a com-
plete modification of the parameters taken into account during screening tests. 
Earlier experience (L őr i ncz, 1986, 1993) suggests that soils with grain dis-
tribution curves that cover ranges of 4 or fewer fractions either continuously 
or incompletely are not susceptible to suffusion because the coarsest fraction of 
the range of 4 fractions can be used as the filter of the finest fraction. It is obvi-
ous that no mixture of these fractions, regardless of proportion, lends itself to 
suffusion. The propensity to suffusion can be studied based on the grain distri-
bution curve of soils covering ranges wider than 5 fractions. Including ΔS/lnF 
values, Fig. 4 helps evaluate internal grain movements (ΔS stands for entropy 
growth, F represents the number of all fractions potentially included in a grain 
distribution range), which can be calculated with this equation:
min 0 max 0
min 0 0
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S S
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depending on normalised entropy. The curve shows symmetry with the 
axis A = 0.5, curve data include the ΔS/InF values of what are known as dis-
tributions with “optimal” entropy.
In Fig. 4, the ranges labelled “sand boil”, “stable” and “suffusion” have 
been identified based on a large number of experiments (L őr i ncz, 1986). 
Each point in the figure represents a shape of a grain distribution curve, i.e. 
the figure is the representation of an infinite number of parallel grain distribu-
tion curves. Points A, B, C and D are highlighted in the figure: 
•  Point D represents a 1/3-2/3 mixture of only two (the finest and the coars-
est) of fractions of a range covering 5 fractions with the following coor-
dinates: A = 2/3, ΔS/lnF= 0.571.
•  Point A stands for grain distribution curves containing any number of 
fractions, but each fraction is identically filled (see Fig. 4).
•  Point B corresponds to soils with 2/3 grain distribution. 81
•  C shows the point of grain distribution at which entropy is at its maximum, 
the coordinates in the present representation are: A=0.79, ΔS/InF=1.167, 
with larger fraction numbers the point shifts towards A=1 on the curve.
Fig. 4. – Stands for grain distribution curves containing any number of fractions
Experience suggests that fine grains form a matrix before point B in case 
A < 2/3, they “lift to disaggregate” the coarse skeleton and the further away 
the point is from A = 2/3 in the direction of A = 0 the more intensive, inten-
sive the floatation of coarse grains in the matrix.
If scouring occurs in soils with the propensity to boil, the value of A con-
verges towards 0.5 in the ranges affected by scouring. Scouring with hydraulic 
failure shows the same features regardless of the original value of A!
The transition from the matrix of fine grains to coarse grained skeleton 
starts above A = 2/3. The transition is very sharp in mixtures of two fractions 
and fractions missing, if A is only slightly larger than 2/3, a rough skeleton is 
formed and fine grains can freely move or are scoured away.
Transition occurs within the B-C-D range in soils with continuous grain 
distribution. In terms of grain movement, this range may be called safe as fine 
grains do not form a matrix any longer and no coarse skeleton builds up yet.
Grain distributions beyond point C and those on the right hand side of the 
CD line show a skeleton formed by coarse grains with the majority of fine 
grains allowed to move freely, hence grain movement and suffusion will begin 
among proper circumstances. Normally, relatively small quantities get scoured 
away, although larger volumes may also get dislodged from soils with missing 
size fractions.
It is validly observed both as regards the sand boil and the suffusion ranges 
that the soils in the vicinity of the top boundary curve, which represents the soil 
types with optimum entropy, are safer, and the threat of scouring increases as 
we move further away from the boundary curve and the lines at which ranges 
terminate.82
In the case of hydraulic soil failure, i.e. when soils are completely remixed 
and restructured, the point representing the soil moves towards a position 
where A = 0.5 regardless of its former position. Changes are of different char-
acter with samples taken from below the waterline. In this case, if the sam-
pling device is not closed, fine grains are washed away while the sample is 
lifted and grain distribution will converge from a position near A = 0.5 to-
wards A = 2/3 (L őr i ncz, 1986, 1993).
PRACTICAL EXPERIENCES
We have used data from past events (controlled boils and boil related soil 
failures) for the purpose of a practical study of the propensity of sand boil 
formation with the help of grain distribution entropy. Data collection was 
broad based and we processed over 120 calculations from 104 grain distribu-
tion curves plotted for 12 locations (Tab. 1). Of the soil samples from the 12 
test locations, the ones marked No. 4, originating from the dyke failure at 
Hosszúfok, were from a location without a sand boil as the failure of the dyke 
was caused by dispersive soil.
Tab. 1. – From among the levy failures
No. place Year soil samples
1. At Kutyatanya slice gate  1987 5
2. Bölcske-Madocsai dike 79+415 section 1965 17
3. Surány dike failure (photo 2, figure 5) 1991 11
4. Hosszúfok dike failure 1980 4
5. Mályvád reservoir 4+550 section  1980 5
6. Maros great piping  1970 8
7. At Karaszi-fok slice gate  1986 14
8. Mosoni-Duna 9+250 section  1991 14
9. Duna 23+700 section  1965 14
10. VITUKI sand boil model soil  1974 1
11. Dunafalva dike failure  1954 7
12. Dunakiliti dike failure  1954 4
From among the levy failures listed in Tab. 1, the failure at Surány (Pho-
to 2) is used to illustrate the results of our calculations. The breach occurred 
before midnight on August 5, 1991 most probably through hydraulic soil fail-
ure. The grain distribution curves of several soil mechanical drill holes low-
ered during the study of the circumstances of the breach are available (e.g. 
Fig. 5). Although a scour hole formed at the location of the dyke breach and 
no sample could be obtained from the failed section (it had been washed 
away), we had to assume that the undamaged parts of the dyke and the soils 
samples taken there represented local conditions accurately. 83
Fig. 5. – The grain distribution curves of several soils
The grain distribution curves indicate that poorly graduated, finely grained 
soils classified as “stable” or “boil hazard” can be found below the stable silt, 
sand with sand meal and silt with sand meal and sand soils near the surface. 
The shape of the grain distribution curve of soils posing a “boil hazard” is mostly 
regular, and these soils contain 3-4 fractions when analysed for the purposes 
of an entropy test. The grain distribution curve indicates that these soils pose 
an erosion hazard, have a low boundary gradient of critical hydraulic failure, 
and also pose subsoil failure hazard (Fig. 6). 
The large sand boil of the Maros River also included a layer that had the 
propensity to boil based on grain distribution entropy. It is well known, 
though, that the large sand boil of the Maros River was described as “flow 
across the dyke via a rotten tree root.” However, the washout of grains was 
also observed, hence flood fighters rightly engaged in boil prevention. The 
definition of a sand boil is important from this perspective. For the purposes 
of fighting floods, it is practical to connect the concept of a sand boil with the 
washout of grains, or in other words, it is grain washout that differentiates a 
boil from a flow across the dyke. This corresponds to the practical guide of 
fighting floods, which requires protection against a boil whenever grain wash-
out is observed on the protected side. 84
Photo 2. – The failure at Surány
Fig. 6. – A low boundary gradient of critical hydraulic failure
In summary of the analysis of entropy in practice we can assert that, ex-
cept for a single instance (the samples of the disperse soil of the Hosszúfok dyke 
failure, mentioned above) all of the analysed locations contained a layer of soil 85
that had the propensity to boil. Simultaneously all of the samples taken from the 
Moson branch of the Danube, Dunafalva and Dunakiliti, i.e. from the upstream 
sections of the Danube in Hungary belonged to the range of soils that have the 
propensity to boil. Mention must be made of the fact that this result is the 
same that we know from experience: most of the sand boils were recorded in 
that area.
SUMMARY
As regards the evaluation of various transient phenomena, the recognition 
that grain distribution curves contain the information needed for a “geometric” 
description of this set of occurrences is generally accepted. However, all entropy 
values, each of the points in Fig. 4 characterize a grain distribution curve of a 
certain shape and represent an infinite number of parallel grain distribution 
curves, since the calculation does not differentiate between clay and shingle 
with identical curve shapes.
Grain distribution entropy identifies soil types that have low entropy (a 
steep grain distribution curve) in quantifiable form and therefore pose the 
greatest boil hazard. That requires accurate grain distribution curves, though. 
A grain distribution analysis, however, is not capable of matching the accu-
racy required by mathematics in the range of silt-clay grains; hence valid boil 
hazard estimates are only possible when grain analysis relies on screening. 
Locations for which the measured values of a grain distribution curve are 
uncertain do not lend themselves to an accurate calculation of entropy. Grain 
distribution curves defined with or without chemicals may show significant dif-
ferences, which will also influence entropy substantially (L őr i ncz,  Nag y, 
1995, 2010).
Soil entropy values may be calculated from grain distribution curves. An 
entropy value characterises a grain distribution curve of a certain shape, i.e. a 
single entropy value represents an infinite number of parallel grain distribu-
tion curves. However, a grain distribution curve cannot be derived from an 
entropy value. As grain distribution curves contain more data than entropy 
values, it would be practical to retrace the information gathered from entropy 
studies into grain distribution curves. This could be done, for instance, with 
the help of a single distinguished point or value of grain distribution curves. 
Experience with the description of sand boil formation could be an important 
factor in selecting this point. 
At present, knowledge concerning the process of sand boils formation 
and the internal and external factors leading on to soil failure is limited. We 
cannot define parameters of the criteria of sand boil formation, we cannot 
unambiguously determine in advance the location and the water level at which 
disaster is to be expected and we cannot recommend any other form of preven-
tion but increasing the length of travel of the flow or closing the tube of the boil 
when flood levels keep increasing. Nevertheless, this series of tests is another 
step taken towards the full understanding of sand boil behaviour and the process 86
of sand boil related soil failure. Although the studies relating to boil formation 
were intensively pursued in the seventies, they stopped completely in the eight-
ies in Hungary. Now, after the turn of the millennium, it would be practical to 
revive our classified knowledge and apply our new level of awareness to increas-
ing our understanding of sand boil related soil failures (L őr i ncz,  Nag y, 
1995, 2010). That would be necessary because recurring floods (see Photos 1, 
2 and 3) force us to face this problem repeatedly.
Photo 3. – The lowest amount of energy to get restructured though boiling
Grain distribution entropy is a tool (at present for researchers only) that 
helps single out soils that have the propensity to form boils. This tool also helps 
identify the types of soil that require the smallest hydraulic gradient, the lowest 
amount of energy to get restructured through boiling. Bear in mind that all soils 
can be washed away provided the hydraulic gradient is sufficiently large and 
energy is sufficiently powerful. 
Based on the above recommendations are formulated for continuing the 
research: 
•  When studying grain distribution, we frequently pay little attention to 
sampling itself. This paper also wished to highlight the reliability of grain 
distribution results. As the effectiveness of entropy tests depends funda-
mentally on the reliability of grain distribution data, it would be practical 
to learn more about the reliability of grain distribution curves from the 
perspective of sampling and screening-wet mechanical analysis, but the 87
degree to which the results might help understand field processes is a 
question. 
•  At present, grain distribution entropy values are only suitable for determin-
ing the geometric potential of boil formation. Laboratory test findings 
would be needed to gain an understanding of the hydraulic conditions of 
this group of occurrences to create common ground for discussions about 
sand boil formation.
•  Detailed studies would be needed about the substances washed out from 
sand boils along with comparisons to subsoil grain distribution curves. That 
could provide unquestionable evidence about whether a site is subject to 
suffusion or a boil. The data available for studying substances washed out 
of boils based on experience from previous floods are limited. It would 
therefore be useful to determine with the help of grain distribution en-
tropy whether it is a single fraction that gets washed out of a soil or grain 
movement affects a complete layer. 
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ОДРЕЂИВАЊЕ ПРОВИРНЕ ВОДЕ СА ГРАДИЈЕНСКОМ ЕНТРОПИЈОМ
Ласло Нађ
Департман за геотехнику, Технички универзитет у Будимпешти, Мађарска
Резиме
У карпатском басену често долази до оштећења одбрамбених насипа услед 
провирања насипа и пролома тла насипа. Провирање насипа се најчешће јавља 
у пресеку мртвог корита, тамо где се различите структуре земљишта инфилтри-
рају једна у другу. Досадашња искуства показују да само мали проценат прови-
рања доводи до катастрофе; најчешће се успешно локализују (вероватно као ре-
зултат ефикасне одбране). 
Обрађени су подаци практичног испитивања на насипима склоним прови-
рању уз помоћ криве гранулометријској састава. За истраживање су коришћени 
подаци који су узети са 11 угледних места; извршено је више од 112 прорачуна, 
на месту провирања. Ентропију земљишта можемо одредити помоћу криве гра-
нулометријског састава. Квантитативним испитивањем састава тла (на основу 
криве гранулометријског састава) добијају се земљишта са ниском ентропијом, 
осетљива на провирање. Стога морамо имати тачну криву гранулометријског са-
става. У случају испитивања муља – глине крива расподеле се не може одредити 
са математичком тачношћу. Процена могућности провирања у већини случајева 
се може применити са пробраним подацима добијених испитивањем састава. 
 Крива гранулометријског састава је такав инструмент – тренутно још увек 
само у рукама истраживача – који помаже у препознавању тла склоног провира  њу. 
Уз помоћ криве гранулометријског састава могу се одредити она тла код којих је 
реструктурализацијом провирања на најмањи хидраулички градијент потребна 
најмања енергија. Не треба заборавити да се највећим хидрауличким градијентом 
и одговарајућом великом енергијом свако земљиште може испрати. 
На основу добијених резултата, при сваком испитивању, само са једним изу-
зетком било каквог слоја земљишта, који анализом криве расподеле зрнаца при-
казује тенденцију провирања земљишта. У опсегу земљишта погодних за прови-
рање испране су обале Дунава, Дунафелдвар и од неколико редних бројева „Ду-
накилити”. На овим местима је дошло до прелома бране.
Крива распореда зрна скреће пажњу на следеће чињенице:
•  У случају анализе криве гранулометријског састава важан је избор места за 
узимање узорака. Пошто ефикасност ентропијског истраживање у основи 
зависи од поузданости испитаних добијених података, поуздани узорци се 
узимају са места где се препознају процеси који су се одвијали. 
•  Крива расподеле зрна за сада је могућа за геометријско одређивање на  ста-
јања провира. За њихово појављивање треба узети у обзир и хидрауличке 
услове и заједно анализирати појаву провира и криве расподеле зрна. 
•  Потребно је детаљно испитати материјале испране провирањем, у поре  ђе  њу 
са кривом расподеле зрна из слојева земљишта. То би био јасан доказ да ли 
се код провирања одвија суфозија или се испира један део земљишта. 
КЉУЧНЕ РЕЧИ: провирне воде, ентропија, распоред зрна по величини, про-
вирање насипа